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HIGHER SOBOLEV REGULARITY 
FOR THE FRAGTIONAL p-LAPLAGE EQUATION 
IN THE SUPERQUADRATIG CASE 


LORENZO BRASCO AND ERIK LINDGREN 


Abstract. We prove that for p > 2, solutions of equations modeled by the fractional p—Laplacian improve 
their regularity on the scale of fractional Sobolev spaces. Moreover, under certain precise conditions, they 
are in and their gradients are in a fractional Sobolev space as well. The relevant estimates are stable 

as the fractional order of differentiation s reaches 1. 
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1. Introduction 

I.l. Aim of the paper. Let 2 < p < oo, II C be an open set and consider a local weak solution u of 
the p—Laplace equation 

—ApU = 0, in n. 

This means that u £ (H) and verifies 

[ {\\7u\P-^\/u,\7<f)dx = 0, 

Jq' 
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for every open set compactly contained in and every (p £ Thus the operator —Ap arises from 

the first variation of the Sobolev seminorm. A classical regularity result by Uhlenbeck asserts that (see 
[30, Lemma 3.1]) 

|Vw|^ Vttg 

This in turn implies the following higher differentiability for the gradient itself 


( 1 . 1 ) 


see also [24, Proposition 3.1] for a more comprehensive result. 

In this paper we want to tackle this regularity issue for weak solutions of nonlocal and nonlinear equations 
like the fractional p— Laplace equation 


( 1 . 2 ) 


i-ApYu = 0 , 


and prove the analogue of (1.1). Here 0 < s < 1 is given. In order to clarify the content of this paper, it is 
useful to recall that various different definitions of fractional (or nonlocal) p—Laplacian have been recently 
proposed (see for example [3], [9] and [27]). The definition considered in this paper is the variational one. 
That is, if for every open set E C we define the Gagliardo seminorm 




|M(a;) — u{x)\P 
E Je \x-y\^+-P 


dx dy 


then the operator (—Ap)® arises as the first variation of 

This is in analogy with the case of — Ap, which formally corresponds to the case s = 1. Operators of this 
type were, to the best of our knowledge, first considered in [2] and [16]. A weak solution u of (1.2) verifies 

r r \u{x) - u{x)\P-'^ (ujx) - u{y)) 

Js.n Jrn 


_ y^N+sp 


x) - 


dx dy = 0, 


for every tp G IP®’^' with compact support. The reader worried about the sloppiness of this definition is 
invited to jump to Definition 1.3 below. There one may find the precise description of the equation and the 
definition of a weak solution. 

We point out that for ease of readability for the moment we just focus on the operator (—Ap)®. But 
indeed we will treat more general operators, where the singular kernel {x,y) i—[a; — y\~^~^^ is replaced by 
some slight generalizations. 


Very recently the operator (—Ap)® has been much studied and the low regularity of solutions is now quite 
well understood. The first important paper on the subject is [11] by Di Castro, Kuusi and Palatucci. There 
local Holder regularity for solutions of (1.2) is proved by building De Giorgi-type techniques for the nonlocal 
and nonlinear setting, in a similar spirit as it was first done for the case p = 2 by Kassman in [17]. In the 
companion paper [12], the same authors also proved the Harnack inequality for solutions of the homogeneous 
equation. As for the inhomogeneous equation 

(1.3) (-Ap)®u = /, 

it is unavoidable to mention the impressive paper [19] by Kuusi, Mingione and Sire, where very refined 
pointwise estimates of potential type are proved. These lead for example to local continuity of the solution 
under sharp assumptions on / (see [19, Corollary 1.2]). It is worth mentioning that [19] considers a general 
measure datum /, not necessarily belonging to the natural dual Sobolev space. In this case, the concept 
of solution has to be carefully defined. Finally, lannizzotto, Mosconi and Squassina in [15] (see also [14]) 
succeeded in proving global Holder regularity for the solution of the Dirichlet problem 

J (-Ap)®u = /, in O, 

( u = 0, in \ Q, 
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under appropriate assumptions on the data / and (see [15, Theorem 1.1]). 

On the contrary, as for higher differentiability of solutions, the picture is less clear. Some results on this 
subject are contained in the recent papers [10, 18] and [26] (see also [20]). We postpone comments on these 
papers, let us now proceed to present our main result. 

1.2. Some expedient definitions. In order to neatly state our contribution, we need some definitions. We 
start with a couple of weighted spaces. 

Definition 1.1 (Special spaces). Let 1 < p < oo and 0 < s < 1. We introduce the weighted Lebesgue space 

.JVn f \Hx)\P 




dx < +0O > . 


V (l + |a;|)^+*P 
For 0 < t < 1, we also consider the weighted Nikol’skii-type space 

iIj{x + h) — ijjix) ^ 


yl'^ = j '0 £ • 3/io > 0 such that sup f 

y 0<|/i|</io 


dx 


< +00 


\h\* (l + |a;|)^+®P 

It is intended that |/i|° = 1, so that for < = 0 it is easy to see that y^’P = Xf. 

We need to introduce a nonlocal quantity which is very similar to that of nonlocal tail of a function, 
introduced in [11]. Since the two definitions differ slightly, we prefer to introduce a different notation and 
terminology. In what follows, the writing F E means that both F and E are open sets of , such that 
the closure of F is a compact set contained in E. 

Definition 1.2 (Snail norms). Let 1 < p < oo, 0 < s < 1 and tp G For every open and bounded set 
E c we set 


Snail('!/); x, E) := 




\^{y)Y 


/r'v\e [a; — 

Then for every E (b E ^ the following quantity is well-defined 


dy 


{4’)xf{F;E)-=yJ \i’\^ dx + J S-aai\{4’;x,E)P dx 
If '0 G yl’P for some 0 < t < 1, we can also define the Nikol’skii-type quantity 


X € E. 


(1.4) 


Wv‘> 


ys'^(F-E) ■— 

0<|li|<i d(F,E) 


Snail 


/0(- -bh) -0 




;x,E ] dx 


where we set d(F, E) := dist(F, \ E). 


Definition 1.3 (Operator and local weak solutions). Let 1 < p < oo and 0 < s < 1. We consider a 
measurable function K : —>■ [0, -boo) satisfying 


(1.5) 


A 


\z\N+sp < < A for all z £ 


for some A > 1. Let O C be an open set, given / G we say that u G O A’|’ is a local 

weak solution of 


( 1 . 6 ) 

if 

(1.7) 


{-Ap^kYu = f in O, 
\u{x) - u{y)\P-^ {u{x) - u{y)) 




K{x-y) 


{ip{x) - (p{y)) dx dy = j fipdx, 
Jn' 
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for every O' (s and every (f £ such that tp = 0 in O \ O'. It is intended that the test functions 

ip are extended by 0 outside O in (1.7). The assumptions on u and K guarantee that the double integral in 


the left-hand side of (1.7) is absolutely convergent. 

In the case K{z) = we will simply write (—Ap)® in place of (—Ap^/^)®. 

Remark 1.4. As for the p—Laplacian, we do not assume local solutions to belong to 1T®’P(0), but only 
to For this reason, in order to give sense to (1.7), we require test functions to vanish identically 

outside compactly contained subsets of 12. 

1.3. Main results. The following is our main result. The parameter t below measures the degree of dif¬ 
ferentiability of the solution “at infinity”. The value t = 0 is admitted as well, thus the differentiability “at 
infinity” is not necessary to improve the local one. The case of the p—Laplacian formally corresponds to 
taking s = t = 1 in (1.11) below. In this case, the result boils down to the aforementioned one (1.1). 

Theorem 1.5 (Higher differentiability). Let p>2, 0<s<l and 0 < t < s. Let u £ kF;®’^(f2) fl yl’^ he a 
local weak solution of 


{-Ap^kYu = /, in Ll, 

with f £ (H) and K verifying (1.5). For every ball Bpi ^ Lt we define 


( 1 . 8 ) 



Then we have: 


i) if t + sp<p —1 


u £ for every s < t < ^ 


and for every ball (g 12 there holds the scaling invariant estimate 


(1.9) 



for some Ci = Ci{N,p, s, A, t, r) > 0; 


ii) if t + s p > p — 1 we set 


1 +t+sp 


P 


then 


u £ IF/oc (^) o,^d Vm £ for every r < T — 1, 


and for every ball B^ (g 12 there hold the scaling invariant estimates 


( 1 . 10 ) 



and 



for some C 2 = C 2 {N,p, s, A, 2) >0 and C 3 = C 3 (N,p, s. A, t) > 0. 


( 1 . 11 ) 
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Remark 1.6 (Behaviour of the constants). In the second case, if the crucial quantity t + sp is sufficiently 
well-detached from p — 1, then it is possible to make explicit the dependence of C 2 and C 3 on s. More 
precisely, let us fix Iq > p, then for every 0 < t < s < 1 such that 

t + s {p + 1) > io, 


estimates ( 1 . 10 ) and ( 1 . 11 ) can be replaced by 


( 1 . 12 ) 

and 

(1.13) 


llVull 


C 


iP(BH/2) - _p)p 


A njuJ) 
RP ’ 




(2-r)-p(r-i)-p c 

(r -1 - r) T { io - p)P 


{l-s) 


•Ar{uJ) 

^P( 1 +t) ’ 


with C > 0 depending on N^p and A only. We will come back on the relevance of these estimates in a while. 


Remark 1.7 (Holder continuity via embedding). By using Morrey-type embeddings for fractional Sobolev 
spaces (see [1, Theorem 7.57]), we get that a local weak solution u G yl'^ is locally Holder 

continuous for p > 2 , 0 < s < 1 and 0 < t < s such that 


or 

For example, in dimension N 


t + sp> 



if t-l-sp<p — 1 , 


P 

t + sp>N—l, if t-|-sp>p—1. 

2 this is always the case if p > 2 and s > {p — l)/p. 


Before proceeding further, let us illustrate some particular cases of the previous result. We start with the 
case where our solution u is a priori known to be globally bounded, a situation that is quite natural if u is 
constructed through viscosity methods (see [ 21 ]). 

Corollary 1.8 (Bounded solutions). Let p > 2 and 0 < s < 1. Let u € kkjoc(^) bl L°^(R-^) be a local weak 
solution of (1.6), with f G (fl) and K verifying (1.5). Then 


i) if s<{p- l)/p 


u G Ikjo)f(f^), for every r < 


sp 

p-V 


a) if s> {p- i)/p 


and Wu G (Lt), for every t<s — 


p- 1 


Proof. The result follows from the simple observation that 


DiV 


)cx! = 


see (2.13) below. Thus we can apply Theorem 1.5 with t = 0. 


□ 


An important case is that of nonlocal Dirichlet boundary value problems for the operator (—Ap)®. Indeed, 
since the “boundary datum” g is imposed on the whole complement \ 12 , the solution u naturally inherits 
differentiability properties “at infinity” from g. We can tune the parameter t accordingly and improve the 
result. As in [6], we use the notation 1 Tq’^( 12) to denote the completion of C^(12) with respect to the norm 

4 ’ llV'lliPin) + ['0]w'>’P(R'^)- 
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Corollary 1.9 (Dirichlet problems). Let p > 2 and 0 < s < 1. Let Lt C be an open and bounded set. 
Given f € (fl), g € and K verifying (1.5), we consider the (unique) solution u € 

of the problem 


{-Ap^kYu = f, 


n, 


= g, in \ LI. 

This means that u coincides with g in R^ \ LI and verifies (1.7) for every test function ip G W()*’^(n). Then 
we have: 


i) if s< (p- l)/(p+ 1) 


G WfffiLl), for every s < t < 


p + 1 
p- 1’ 


a) if s > (p- l)/(p+ 1) 


uGWlff{Ll) and S/uGWfffiLl), for every t < s 
Proof. It is sufficient to observe that 

see (2.14) below. Thus we can apply Theorem 1.5 with t = s. 


p+l P — 1 


□ 


1.4. Comments. Some comments are in order, we start with some words on the proof of Theorem 1.5. 

• (About the proof) The starting point of the proof of Theorem 1.5 is standard, we differentiate equation 
(1.7) in a discrete sense. Then by testing the equation against fractional derivatives of the solution, 
i.e. quantities like 

u{x + h) — u(x) 


(1.14) 


(1.15) 


\hY 

we establish a Caccioppoli-type inequality for finite differences of the solution (see Proposition 3.1). 
For the p—Laplacian this is a “one shot” estimate, i.e. by taking d to be the exponent dictated by the 
hypothesis u G directly reach (1.1) from this Caccioppoli-type inequality. On the contrary, 

in the nonlocal case this estimate may in general be iterated. The number of possible iterations 
depends of course on s, namely on how close it is to 1. Then the initial information u G Wfff 
can be recursively improved. At each step the differentiability gain is on a “hybrid scale”, which 
mixes two different ways of measuring fractional derivatives. Roughly speaking, at each step we are 
estimating the seminorm (i. e. s derivatives on the Gagliardo scale) of a finite difference (1.14) 
(i. e. d derivatives on the Nikol’skii scale). The main point of the iteration is to identify the resulting 
quantity as the norm of s -I- "d derivatives of the solution, measured again on the Nikol’skii scale. We 
point out that this is a genuine Besov-type estimate (see Lemma 3.3). 

(The right-hand side ) As for the right-hand side /, the hypothesis is certainly too strong and 

we could improve the differentiability of the solution under weaker assumptions. On the other hand, 
we prefer to avoid further complications in the statement (and the proof) of Theorem 1.5, thus for 
the moment we do not try to relaxe it. 

It is natural to expect that a suitable variant of Theorem 1.5 holds true also for very weak solutions 
with measure data, by using perturbative and approximation arguments as in [23, Section 6]. 

(Previous results) Let us now make some comments on the aforementioned papers [10, 18, 20] and 
[26]. Let us start with the linear case, corresponding to the choice p = 2. In [18] and [20], the 
authors consider general linear elliptic nonlocal equations like 

f f {'U'(x) - u(y)) 


/R'V 


/kn IC(x,y) 


x) - 


dxdy = / fp, 


for every p, 









HIGHER SOBOLEV REGULARITY 


7 


where 

f ^ LT^+So ^ |a:-y|^+^® </C(x,?/) < A|a;-y|^+2®. 

They prove that a solution u G is indeed in for some 


0 < i5 = S(N, s, So, A) < 1 — s, 


see [18, Theorem 1.1]. The result is essentially not comparable with ours: it is weaker, but obtained 
under very general assumptions by using a different technique, i.e. a suitable fractional Gehring 
Lemma (see [18, Theorem 1.2]). We just notice that as a consequence of Theorem 1.5, in our case 
as well we can improve both the differentiability and the integrability exponent, just by using a 
standard interpolation argument. 

In [10] it is still considered the equation (1.15), under the additional assumptions 


f G and 


IC{x + h,y + h) K(x,y) 


<C 


|/i|^ 


- y\ 


N+2 s ■ 


Observe that the previous condition on K, covers for example the case of kernels of the type lC{x, y) = 
K{x — y). Then [10, Theorem 2.2] shows that the solution gains “almost” s—derivatives, i.e. u G 
for every r > 0. The proof relies on differentiating twice the equation in discrete sense. 
Though limited to linear equations, we may notice that the result of [10] is stronger than our Theorem 
1.5 in the case p = 2. Indeed, if we consider Theorem 1.5 for p = 2 and s > 1/2 and we do not 
assume differentiability “at infinity” of the solution (as in [10]), i.e. we take t = 0, then we obtain 
u G ’ , for every r > 0. We point out that this mismatch is not linked to the presence of 

the right-hand side /. 

As for the general case p > 2, in [26] the author considers a “regional” version of (1.3), i.e. the 
equation 


f f |M(a:) 

-u{y)\P ^{u{x)-u{y)) ( , , 

. 

Jq Jq. 

\x-y\N+sp 

Zu) J 


dx dy 


f(p, dx 


for every p. 


where / belongs to the dual space of ^^’^(fl), for some e > 0. In [26, Theorem 1.3] it is 

proved that there exists eo = £o(s,p, fl) > 0 such that for e < eo, a solution u G W'*’P(n) is indeed 

in 


• {Limit as s Z' \ ) Finally, we conclude this list of comments by stressing that estimates (1.12) and 
(1.13) display the correct dependence on the parameter s, at least in the asymptotical regime s ^ 1. 
Indeed, we recall that for a function u G we have the pointwise convergence 


lim(l — s) 

s/'l 




|u(a;) — u{x)\P 
\x - yZ+^P 


dx dy 


Cn,p 



\yuf’dx, 


see [4, 5]. Moreover, we also have the T—convergence of the two functionals displayed above with 
respect to the strong L^ topology, see [8] and [25]. Thus, in the standard case K{z) = the 

estimates of Theorem 1.5 can be used to prove that solutions of the fractional p—Laplace equation 
converge strongly in WlZ to solutions of the usual p—Laplace equation as s ^ 1, under suitable 
assumptions. For example, let fl C be an open and bounded set and let Us be the unique solution 
of 

{-ApYus = fs ■= u = 0, in \ fl. 

By using (1.12) and (1.13) it is possible to show that Ug converges strongly in L^{G) fl wIZ{Vl) to 
the unique solution of 


ApU = /, in fl, 


u = 0, on 9f2. 
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1.5. Plan of the paper. In Section 2 we introduce all the definitions and the functional analytic stuff that 
will be needed throughout the whole paper. The core of the paper is Section 3, where the fundamental 
estimates are settled down. These are the Caccioppoli-type inequality of Proposition 3.1 and the Besov- 
Nikol’skii differentiability improvement of Lemma 3.3. The proof of Theorem 1.5 is then contained in 
Section 4. In the same section we also briefly comment the case of more general equations of the type 

{-Apyu = f + X\ur^u, 

see Subsection 4.5. We then conclude the paper with a couple of appendices: while the material of Appendix 
B is standard, Appendix A contains the proof of an embedding property of Besov-type spaces (Proposition 
2.4), which is crucially exploited in the proof of Theorem 1.5. 

Acknowledgements. We thank Assia Benabdallah for a useful discussion on heat kernels. An informal 
discussion with Sunra Mosconi and Marco Squassina has lead to an improvement of Theorem 1.5, we wish 
to thank them. We are grateful to Matteo Cozzi for pointing out to us his paper [10]. We also like to 
thank an anonymous referee for reading the paper carefully and for coming with many helpful comments 
and suggestions. Part of this work has been done during a visit of the first author to Stockholm and of 
the second author to Marseille. The following institutions and their facilities are kindly acknowledged: 
Department of Mathematics of KTH (Stockholm), FRUMAM (Marseille) and CPT (Marseille). 

L. B. is a member of the Gruppo Nazionale per I’Analisi Matematica, la Probabilita e le loro Applicazioni 
(GNAMPA) of the Istituto Nazionale di Alta Matematica (INdAM). E. L. has been supported by the Swedish 
Research Council, grant no. 2012-3124. 


2. Preliminaries 

2.1. Notation. Let 1 < p < oo and 0 < a < 1. For an open set D C K.^, we denote by the usual 

fractional Sobolev space defined as the set of functions such that 


||V'llw“.p(n) := [V']w“.p(n) + llV'IUp(n) < +oo. 
The quantity [•]w“’P(n) is the 1F“’P Gagliardo seminorm, i.e. 






\y{x) - tlj{y)\P 
aJn \x-y\^+^P 


The local variant (D) is defined in a straightforward manner, 
function ip : —>■ M we introduce the notation 

tph{x) ■■= y{x + h) and 6 htp{x) := 

We recall that for every pair of functions p, ip we have 


dx dy 

Given h G \ {0}, for a measurable 
= tphix) - -ipix). 



( 2 . 1 ) Sh{iptp) = {Shp)y + <Ph{Shy)- 

We also remind the notation for the second order differences of a function, i.e. 

(2.2) Slipix) := dh{Shfp{x)) = tj}{x + 2h) -2 ip{x + h) + tp{x). 

Finally, if iL : x —>■ R is an integrable function on A x B, the notation 


/ / '^{x,y)dxdy, 
J A Jb 


means that x G A and y G B. 



HIGHER SOBOLEV REGULARITY 


9 


2.2. Besov-type spaces. The following spaces defined in terms of second order differences will be impor¬ 
tant^. 

Definition 2.1 (Besov-Nikol’skii spaces). Let 1 < p < oo and 0 < a < 2. We say that il) € if 




/ 

SlP^ 

/r^v 

|h|« 


dx < - 1 - 00 . 


/ dx <+O0 and 

In this case, we set 

IIV’IIbs;*’(r'^) •“ IIV'IIlp(r^) + [V’]s^^(R")- 

We now need a couple of simple preliminary result for The first one states that it is indeed sufficient 

to control second order difference quotients for small translations. This is not surprising, we omit the proof. 

Lemma 2.2 (Reduction to small translations). Let 1 < p < oo and 0 < a < 2. If tp & B^p{M.^) then for 
every ho > 0 


(2.3) 







Slip 

sup 

0<|/i|</io 

|h|“ 


LP(R") 


■3^0 IIV'llLp(RiV) 


In the case 0 < a < 1, second order difference quotients control first order ones^. This is the content of 
the next result. 

Lemma 2.3. Let 1 < p < oo and 0 <a<l. If tp & B^^{M.^) then 


(2.4) 


sup 

|/ i |>0 


Sh-ip 


\h\^ 


< 


C 


LP(R«) 


1 — a . 




for some universal constant C > 0. For every hg > 0, we also get 


(2.5) 


sup 

0 <|li|</to 


Ship 


\hp 


< 


C 


LP(R'V) 


1 — a 



slip 

sup 

0<|/i|</io 

|h|“ 


LP(R") 


(h-o “ -I- l) ||'0||ip(RN) 


Proof. We will deduce the required estimate (2.4) by using some elementary manipulations, see also [29, 
Chapter 2.6]. We start by observing that for every measurable function ip we have 

Ship{x) = i {S2hip{x) - Slip{x)Y 


Thus for every h € \ {0} we get 

Ship 


( 2 . 6 ) 




< 


LP(R«) 


S2h1p 


\h\^ 


LP{S.i^) 


Slip 


\h\^ 


LP{S.^) 


and observe that the second term on the right-hand side is uniformly bounded by the hypothesis. For the 
first one, we observe that if we set h' = 2h 


S 2 h 1 p 


\h\^ 


= 2 ° 


LP(R'V) 


Sh'lp 


\h'\ 


< 2 “ sup 

LP(R'V) 0<|/i'|<i 

< 2 “ sup 


Sh’lp 


[hr 

Sh'lp 


+ 2 “ sup 

LP(R") 5<l^'l 


Sh'lp 


\h'[ 


Z,P(R") 


\h' 

2 ■ 4“ II' 0 IIlp(rN) • 


LP(R'V) 


^We recall that it is possible to consider the more general Besov space Bqbuilt up of LP functions such that 

dh V 

) w) 

For q = we obtain the usual fractional Sobolev space Also observe that our notation for Besov spaces is not the 

standard one: we prefer to adopt this in order to be consistent with that of 

^Actually, it is easy to see that they are equivalent in this range. Since we do not need the other estimate, we omit it. 


f ([ 


/kN Wr«‘ 

|h|“ 
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By using this estimate in (2.6), we get 


sup 


Shi’ 


\h\^ 


< 


Lp 


sup 


sli 






-4“ WiW 


LP(R^) 


+ 2 ' 


a-1 


sup 


Sh'i 


\h'[ 


LP(R'V) 


By recalling that a < 1, the last term can be absorbed in the left-hand side and thus we get (2.4). 
Finally, estimate (2.5) can be obtained by combining (2.4) and (2.3). 


□ 


The following result on Besov spaces will play a crucial role. For the reader’s convenience, we give a proof 
of this result in Appendix A. The proof is essentially taken from Stein’s book [28] and is based on the so-called 
thermic extension characterization of Besov spaces (see [29, Chapter 2.6] for such a characterization). 


Proposition 2.4. Let 1 < p < oo and 1 < a < 2. We have the continuous embedding 
VF^’^(M'^). In particular, for every i € S^^(M^) we have Vi/i G L^(]R^), with the following estimate 

C 

(2-7) IIVV’IIlp(rn) < C -I- Wb“''’(r«‘)i 




for some constant C = C{N,p) > 0. Moreover, we also have 


( 2 . 8 ) 


sup 

|/ i |>0 


ShVi 


\hY 


< 


c 


LP(RJV) (2 Ol) (o 




still for some C = C{N,p) > 0. 


Remark 2.5. The previous result is false for the borderline case a = 1, see [28, Example page 148] for a 
counterexample. 

2.3. Gagliardo seminorms and finite differences. We still need a couple of basic facts on fractional order 
Sobolev spaces. The following results are well-known, but here we want to stress the explicit dependence of 
the constants on the differentiability index. 

Proposition 2.6. Let 1 < p < oo and 0 < a < 1. 

• (Global case) For every i G 1F“’P(R^) there holds 

Shi ^ 


(2.9) 


sup 

\h \>0 


\h( 


LP(R") 


< C (1 Q^) 


for a constant C = C{N,p) > 0; 


• (Compactly supported case) Let 0 < r < R and let i G be such that i = 0 on Bfi \ B^. 

Then we have 


( 2 . 10 ) 


sup 

|/ i |>0 


Shi 


\h\^ 


p 


LP(R«) 


<C(R 

a \ r 


N 


R 


R — r 


i+P 


(1 a) 


where i is extended by 0 to the whole and C = C{N,p) > 0; 


• (Local case) Let Q C be an open set. Let i G then for every ball Br (E and every 

0 < ho < dist(R_R, cAl )/2 we have 

Shi ^ 


( 2 . 11 ) 


sup 

0<|/i|</io 


U 


Lp{Br) 


<C{1 0:)[i]w-‘-PiBR+h. 


+ c 


1 + 


R 


{R + ho)-‘^P + 


h-ap 

'*0 


Lp{Br^i,o)’ 


for a constant C = C{N,p) > 0. 
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Proof. An elementary proof of (2.9) can be found for example in [6, Lemma A.l]. In order to prove (2.10), 
we decompose the Gagliardo seminorm of if as follows 


( 2 . 12 ) 




= [ifr 


\ip{x)f 


1^ _ y\N+.p 

Then we observe that since if = 0 in Br \ Br 


\if{x)Y 


'brJ^^\Br \x-y\^+°^P 


dx dy = 


\if{x)Y 


< 


B^ Jk.^\Br I* ~ y\^+°‘P 
\if\P dx. 


dx dy. 


dx dy 


C 


a{R-r)°‘P 

The last term can be estimated by appealing to the Poincare inequality (see [7, Proposition 2.2]) 


"(s) 


r \ ^ f R — r\ 1 


R J R°‘P 


\lf\Pdx < 


where C = C{N,p) > 0. By inserting the resulting estimate in (2.12) and combining with (2.9), we get 
(2.10) as desired. Observe that we also used that R/{R — r) > 1, in order to replace a power 1 + ap by 
1 +p. Finally, for (2.11) we first take a standard Lipschitz cut-off function rj such that 

0<77<1: V=^ on Br, r] = 0 onM.^ \B ho, \Vr]\<-^. 

Then we observe that ifr]G 1T“’^(R^), thus by using the discrete Leibniz rule (2.1), (2.9) and the properties 
of r] we get 

^ / oD -1 5 h[ifr]) ^ 


sup 

0<|/l|<^O 


\hY 


< 2P-^ sup 

Lp{Br) 0<\h\<ho 

< C {1 — a)[if rj]^ 


\h\ 


+ 2P-^ sup 

Lp{Br) 0<|Ii|</io 

^ch^nmuBR^hoY 


Shd , ^ 

w*'' 


Lp{Br) 


We proceed as before 


r / ID r / ID r. /" f \lf(x)\Pr](x)P 

bPd]wp‘'P{R'^) ^ l'^d]wp‘'PiBR+ho) IZ y\N+ap ^X dy 

JBR+ho JR^\BR+ho \^-y\ 


-b2 


\if{x)Y 


'b ^Jr^\Br+^o \x-y\^+°‘P 


dx dy. 


By using the Lipschitz character of 77, we can now easily get (2.11). 


□ 


Proposition 2.7. Let 1 < p < 00 and 0 < a < /3 < 1. Let if S L^(K^) be such that for some ho > 0 we 
have 

Shif ^ 


Then there holds 


[" 0 ] ^ 


sup 

0 <|Ii|<?io 


, (P-a)p 
‘0 


\h\P 


sup 


< -boo. 


LP(B") 


P-a o<|ii|</to 


(5/10 


\h\P 


h~°‘P 


Lp(rN) O. 


for some constant C = C{N,p) > 0. 
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Proof. The proof is elementary, we give it for completeness. We have 




< 


I{\h\<ho} Jr'^ |/l|^+“P 

\5hip{x)\P 


'{\h\<ho} 


dh dx 

dx 


< 


Ch 


{P-a)p 

0 


(R \~ 

[P - 01 ) 0 <|/i|<?io 


Sh^ ^ 


f f \5Hi^ix)\P 

dh 


dh dx 


|^|A-(/3-a)p 


2 P- 




dh 


\hf 


LP(R'^) 


rh~°‘p 


LP(R'V)- 


The constant C above depends on N and p only. This concludes the proof. 


□ 


2.4. Special spaces. In this subsection, we present some basic properties of the spaces Xf and y^’P we 
introduced in Definition 1.1. We recall the notation 

d(F,P) := dist(F,R^\E). 

Lemma 2.8 (Inclusions). Let 1 < p < oo and 0 < s < 1 and LI C . Then we have the following inclusions 


(2.13) 

L«(M^) C XP, 

for every q > p, 

(2.14) 

^ap(kW) c ypp^ 

for every 0 <t < s. 

(2.15) 

y:-p c 

for every 0 < r < s 


Proof. The first inclusion (2.13) stems from the simple observation that by Holder inequality we have 


dx < ur 

( 1 + |a;|)W+sp - ll^lli«(R") 


) <l-p 

<+oo. 


Similarly, for the second inclusion (2.14) we observe that for every hp > 0 we have 

p 

dx, 


sup 


/ 

fh'f’ 

p 

dx 

/ 

Shlf 

Irpi 

\h\- 


(1 + |2 .|)A+«p 

/r'v 

\h\- 


and the last term is bounded by the W’^’P seminorm of if, thanks to (2.9). This shows (2.14) for t = s, the 
general case follows by observing that C 3^*’^ for 0 < t < s. 

Finally, we prove (2.15). Let if € by definition of y^'P there exists ho > 0 such that 


sup 


[ 

Shtfiy) 




1 


(1 + |a;|)^+®P 

thus in particular for every open and bounded set O C M.^ we have 


dx < + 00 , 


( 1 + sup a; 

— N — sp 

Shif 

sup 

\h\^ 

V xGO y 

0<|/t|<?io 


< + 00 . 

LP(0) 

We now get the conclusion by proceeding as in the proof of Proposition 2.7. We leave the details to the 
reader. □ 

The following monotonicity properties will be needed in the proof of Theorem 1.5. 

Lemma 2.9 (Snails monotonicity). Let 1 < p < oo and 0 < s < 1. We consider two pairs of sets 
Fi (E i?i (£ and F 2 <S: E 2 such that 


El C E 2 


and El C E 2 . 
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Then for every tjj £ Xf we have 


(2.16) 


iFi 


Snail('0; x, EiY dx < 


\Ei 

\E 2 




W dy 






In particular, we get 
(2.17) 

Proof. The proof of (2.16) is elementary. We have 
/ Snail('!/); X, iili)^ da; = |i?i 1"^ . 


1 + 


\Ei\\E2\^ 


m 


iFi 


d{Fi,Ei)^+‘>PJ 

dxdy 


Fi Jr^\Ei ~ 




. . 5 P 

LB2 ^ 


+ 


1 ^ 

\E 2 \ 


. . S p 

\E 2 \^ 


Ifi Jr^\e2 I* ~ y\ 
f f l^(y)l^ 


dxd« 

_ ,,|Ar+sp 


■ \\E 2 \) 


IF2 


Fi Je2\Ei ~ y\^+‘^P 
Snail('0; x, E 2 Y dx 


dx dy 


f\^\^ jfY\E 2\^ f 

+ yii;2|j diF,,EY^+^P Je2\eJ^^ 

With some standard manipulations we get (2.17) as well. 


□ 


3. Basic estimates 


Throughout the whole section, we denote by m G ^ local weak solution of (1.6), with 

right-hand side / G bFjof i^) and K satisfying (1.5). Thus for every fl' (g fl and any ip G W’^'P{Vt') such 
that (/j = 0 on n \ n', the function u satisfies (1.7). For notational simplicity, we will set 


(3.1) 


dfi 


1 

K{x-y) 


dx dy. 


We also set 

Jp(f) = and Vpit) = 1^1^ t, 

and then define the nonlinear function of the solution Vp : x —>■ K by 

(3.2) Vp{x,y) = Vp {u{x) - u{y)) = |■u(x) - u{y)\^ {u{x) - u{y)). 

By a slight abuse of notation, for every h G K.^ \ 0 we will use the following convention 


^iiVp(x, y) = (Vp)^ (x, y) - Vp(x, y) = Vp {uh(x) - Uh{y)) - Vp (u(x) - u(y)). 


3.1. Caccioppoli-type inequality. We start with the following general estimate containing a free param¬ 
eter of differentiability 7 . This is an iterative scheme which improves the differentiability of u. We notice 
that the case s = t = 7 = 1 formally corresponds to the result ( 1 . 1 ) for the p—Laplacian. 

Proposition 3.1 (Differentiability scheme). Let p>2, 0<s<l and 0 < t < s. FFe take <s Bji (b Lt a 
pair of concentric balls and fix 

0 < /iQ < i min |dist(i3F; dH), R — r, l|. 
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We take ij a standard cut-ojf function such that 

0 < 77 < 1 , ^=1 on Br, 7 ] = 0 on \ B R+r . iViyj < 


cn 

R-r’ 


\D^V\ < 


Cn 


{R-rY 


For every h G \ {0} such that \h\ < ho and every s < 7 < 1 we have 

p 

< 


dh{u 77 ) 

•7 + t 

\h\ p 


W^’P{Br) 


R 


C 


1 


R — r J {1 — s)s {R — rY 


6 hU 


H' 


Lp{Br) 


C 


(3.3) 


R 


R — r 




C [R + r 


s \R — r 
C 


N 


R + l 


1 


{uY 


R — r) [R — r)^P P^i{BRp^^^^,BR^ho) 

Shf 




Lp'(Br) 


for a eonstant C = C{N,p,A) > 0. 


Proof. We take a test function p G W^’P(fl) such that yj = 0 on \ S(_R+r-)/ 2 - By testing (1.7) with (p-^ for 
h G \ {0} with \h\ < ho and then changing variables, we get 


(3.4) 


IS.P' JR^ 


(^Jp{uh{x) - Uhiy))j (fpix) - ip{y)^ dy.{x,y) = / fhpdx. 


We recall that y, is the singular measure defined in (3.1). We now subtract (1.7) from (3.4), thus we get 
(3.5) / / (jp{uh{x)-Uh{y))-Jp{u{x)-u{y)))(ip{x)-(p{y))dy{x,y)= Shfpdx, 

jRn JrN \ ^ ^ ^ Jq 

for every ip G W^’P{B(^ji+r)/ 2 ) such that tp = 0 on fl \ i 3 (_R+r)/ 2 - Finally, we insert in (3.5) the test function 

ShU „ 


ip = 


\hY+* 


where rj is the cut-off function of the statement. We now divide the double integral in (3.5) in three pieces: 
{^Jp{uh{x) - Uh{y)) - Jp{u{x) - 


Ii := 


-/ / 

J Br j Br 


I2 := 


|/l|T'+‘ 

[jp{uh{x) - Uh{y)) - Jp{u{x) - u 


and 


lo := - 


Br Jr^\Br |/l|T'+* 

(^Jp{uh{x) - Uh{y)) - Jp{u{x) 


[5hu{x) y{xY - 6hu{y) y{yY^ dy{x, y), 
ShUhix) ri{xY dfi{x, y), 


/ / 

Jr^\BrJb 


/r^\Br Jbr 
We estimate each term separately. 

Estimate of Ii. We start by observing that 


\hY+t 


Shu{y)y{yY dy{x,y), 


(dhu{x)- 6 hu{y)) , 

Shu{x) y{xY - Shu{y) y(yY = - -^- - {v{xY + viyY 


+ 


x) -I- ShU 


{v{xY - v{yY)- 
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Thus we get 

[jp{uh{x) - Uh{y)) - Jp{u{x) - u{y))'j (^{Shu{x)) r]{x)P - {Shu{y)) yiyf 


> 


y[x)P + r]{y)P 


r){x)P - r]{y)P 


(^Jp{uhix) - Uh{y)) - Jp{u{x) - u{y))^ (Shu{x) - Stu 

Jp{uh{x) - Uh{y)) - Jp{u{x) - u{y)) (^\dhu{x)\ + \dhu 

The first term has a positive sign and we will keep it on the left-hand side. For the negative term, we proceed 
as follows: we use (B.2), the dehnition (3.2) of Vp, Young inequality and (B.l) to get 


T]{x)P - T]{y)P 


Jp{uh{x) - Uh{y)) - Jp{u{x) - u{y)) -I- \ 6 h- 

Uh{x) - Uh{y)\‘^ + |M(a:) - 

7?(x) 5 -f 77(2/) 5 


< 2 


p- 1 /, , X , 


X \5hVp{x,y)\ (^\Shu{x)\ + \5hu{y)\^ 
C 


? 7 (x )2 - 77 ( 7 /) 2 


< 


Uh{x) - Uhiy )]"-f 


M(a;) 

X {\Shu{x)\^ + \ 6 hu{y)\‘^) r]{x)^ - ■q{y)^ 

+ Ce\5hVp{x,y)\'^ {y[x)P + y[y)P^ 

C 

< — 


{\uh{x) - Uh{y)\''+ \u{x) - u{y )\'’) {\Shu{x)f + \Shu{y)f) 77 (x )2 - 77 ( 77)2 
+ Ce (^Jp{uh{x) - Uh{y)) - Jp{u{x) - u{y))'^ (^5hu(x) - dhu{y)^ {y{x)P + viy)^^ 
where C = C{p) > 0. By putting all the estimates together and choosing e sufficiently small, we then get 


Ti > 


C 


-C 


f f Jp{uh{x) - Uh{y)) - Jp{u{x) - u{y)) 

IbJb, 

Uhix) - Uhiy)\^ + \u{x) - 77(77)1^ ) r]{x)^ - r]{y)^ 

dy.{x,y), 


(^ 6 hu{x) - 6 hu{y)J {vix)P + v{y)P) dy{x, y) 


J Br J Br 

\ 6 hu{x)\'^ + \Shu{y)\‘^ 
\h\'i+* 


for some constant C = C{p) > 0. We can further estimate from below the positive term by using (B.4). 
This leads us to 


Ii > — 

^ - C 


' Br J Br 


8 hu{x) 5hu{y) 


-y + t 7+t 

\h\ p \h\ p 


{r]{x)P + r]{y)P)dfi{x,y) 


(3.6) 


-C / / 

J Br J Br 
\5hu{x)\'^ + \5hu{y)\'^ 


We now observe that if we set for simplicity 

Shu{x) 


(\uh{x) - Uhiy )]”-f |77(x)-77(77)f2') 77(37)2 - y{yY^ 

dp{x,y). 


A = 


\h\- 


B = 


8 hu{y) 

■y + t • 

\h\ p 


and 
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then by using the convexity of r i—>■ |r|^, we have 

I. / N D 1 MP /. ON + ^(y) , /. , ON ^ 

\Ari{x) - Br]{y)\‘'= [A - B) --- + {A + B) --- 


<2P-^\A-B\P{yixr + r,{yr) 

+ 2 P-mA\P + \B\P)\yix)-y{y)\P. 

Thus from (3.6) together with the assumption (1.5) on K, we get the following lower bound for Xi 

p 


(3.7) 


Ii> — 

^ - C 


-c 


ShU 


\h\ p 


W-PiBa) 

Uhix) - Uhiy)\^ + \u{x) - u{y)\^ ) r]{x)^ - ■q{y)^ 


^ Br ^ Br 

\5hu{x)\^ + \6hu{y)\'^ 


|h|T'+* 


dy{x,y) 


-C 


\dhu{x)\P |(5?,m(?/)|p\ \v{x)-y{y)\P 


■ dx dy, 


iBnJBa \ 1 ^ 1 "'+* 1 ^ 1 "'+* J \x-y\^+^P 

where C = C{p, A) > 0. We need to estimate the last two integrals. For the first one, by using Holder’s 
inequality, again the assumption (1.5) on K, the Lipschitz character of rj and some simple manipulations we 
get 


' Br j Br 


Uh[x) - Uh{y)\’’+ \u{x) - u{y )\’’) y{xY^ - y{yf- 
\5hu{x)\'^ + \5hu{y)\^ 


\h\^+* 


■dy{x,y) 


< C 




{\uh[x) - Uh{y)\P + \u{x) - u{y)\P dfi{x,y) 


Br j Br 

f \Shu{x)\P + \Shu{y)\P 

.J Br j Br 


\h\A+t)- 


77 ( 31 ) 2 - 77(^)2 dy{x,y) 


< 


< 


^ [ylP-2 

\j 

Shu{x) 

P 

/ 

7 ^ 

{R-rf ^ 

Jbr 

\h\=^ 

1 

Jbr |x-yr+P(«-i) 


C f R 


lp-2 


R2s \R-r ^"^W‘^p{Br+uA 


1 — s 


'Br 


6hU 


\h\- 


dx 


r R y c 1 

f 

ShU 

7-1 -s 

Jbr 

\h\=^ 


dx. 


for some C = C{N,p,A) > 0. Thus, from (3.7) by observing that \h\ < hg < 1 and that (7 + t)/2 < 7 , we 
get 

p 


Ii>^ 

- C 


ShU 


W-’P(Br) 


(3.8) 


. 1^1 

- C^Mw^’PiBR+ho) ~ ( 

-c 


R 


C 


1 


'Br ■ 


R — rJ {R — r)^P s (1 — s) 
\ 6 hu{x)\P , |^hM( 77 )|P\ \v{x)-p{y)\P 


j 

ShU 

Jbr 

Ihl'T 


dx 


V 1^1'"+* J \x-y\^+‘^P 


dx dy, 
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where we also used that > {R — and that s (1 — s) < (1 — s). By the Lipschitz character of ry, the 
last integral is estimated by 


(3.9) 




nShu{x)\P \v{x) - r]{y)\P 

V |/i|T'+* |/i|T'+* J \x-y\^+^P 


< 


C 

{R - ryp 


R y 

R — r) s (1 — s) 



ShU 

\hy 


p 

dx, 


for some C = C{N,p) > 0. Observe that we again used the trivial estimates i?®^ > {R — r)®^ and 
s (s — 1) < (s — 1), together with ho < 1 and (7 + t)/p< 7. 

It is only left to observe that from the discrete Leibniz rule (2.1), we get 


Shiurj) 

-y + t 

\h\ p 


< C 




ShU 

—7 +tV 


\h\ 


+ C 


J Wp-P{Br) 


ShV 


_\h\- 


■Uh 


J W‘-p{Br) 


< C 

+ c 


ShU 

— 


\h\ 


WP.PiBR) 


R y hp-^-* 

R — r ) {R — r)P 


{j^^W^-PiBR+ho) 


{l-s)R^P 


Observe that by the hypothesis ho/{R — r) < 1 and /iq < 1. To get the last estimate, we used the Lipschitz 
character^ of Vry (recall that ry G Cq). 

By combining this and (3.9), from (3.8) we finally get 


(3.10) 


-C 


Shiurj) 

7 + 

. \h\~ 
R 

R — r 


H P 


J WP’P{Br) 

P 

, -7-i 

Uq 


'Iw->p{Br+,,^) (1 _ s ) Rsp 


c 

( ^ ] 


r 

Br 

ShU 

iR-r)^P 

[R-rJ 

sil-s) j 



dx. 


Estimate of I 2 . By recalling that ry is supported on 'we have 


I2 > - 


Jp{uh{x) - Uh{y)) - Jpiu(x) - u{y)) 


\Shu{x)\ 

\hy+t 


p{x)P dp{x,y). 


■P B(R+t)/2 JV.’^\Br 

Then we observe that by basic calculus 

Jp{uh{x) - Uhiy)) - Jp{u{x) - u{y)) < (p - 1) {\uhix) - Uhiy)y~'^ + \u{x) - u{y)\P~^) 

X \{uh{x) - Uhiy)) - (uix) - u{y))\ 

< (p - 1) {\uhix) - Uhiy)y~'^ + \uix) - uiy)\P~^) 

X (^\6huix)\ + \Shu( 


^We used that 

\Shri{x) - 5hri(y)\ < \x - y\ [ \\7v{x + t {y - x) + h) - V r]{x + t {y - x))\ dt <\x-y\ |/i| \\D'^ri\\i^ac. 
Jo ' ' 
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Using once again the assumption (1.5) on the kernel we get 

f f f Whjx) - Uh{y)\P~'^ + | m ( 3 ;) - u{y)\P-'^ 


I. > -C 


(3.11) 


-C 


/ if 


\x - 

\uhix) - u/i(y)|P~^ + \u{x) - u{y)\P~'^ 

\x - 


dy 


Shu{x) 


dhu{y) 


|h|‘ 


dy 


ri{xY dx 
5hu{x) 


|h|' 


ri{xY dx, 


where C = C{p, A). We now estimate each term on the right-hand side separately: for the first one, we have 


f f f \uh{x) - Uhiy)\P + \u{x) - u{y)\P ^ 

'B(R+r )/2 \x-y\^+^P 


dy 


Shu{x) 


\h\- 


r]{xY dx 


< 


'B(H+r)/2 \JK.'^\Br 

P 


\uh{x) - Uh{y)\P ^ + \u{x) - u{y)\P ^ \ 


'B(H+r)/2 


dhu{x) 


\h\ 


■y+t 


dx 


Then by Jensen’s inequality^ and with some simple manipulations, we get 

f ( f \uh[x)-Uh(y)\P-'^+ \u{x)-u{Tj)\P-'^ ^ 

[Ub, - 


< c 


1 \ 


s{R-rYPJ Jbr+,.Jr^\Br 


’^p)h\ + |Vp| 


\x - y\^+^P 


dx dy, 


for some C = C{N,p) > 0, where we recall the definition of Vp, given in (3.2). For the second term in the 
right-hand side of (3.11), we have 


f ( f \uh{x) - Uh{y)\P + \u{x) - u{y)\P ^ 
Ibr+t \Jk.^\Br \x — y\^+^P 


dhu{y) 




dy 


5hu(x) 


< 


^Ba+r \Jm^\Br 
2 

f Shu{x) ^ 


\uh{x) - Uhiy)\P '^ + \u{x) - u{y)\P 

\x - y\^+^P 


H' 


dhu{y) 


M 


ri{xY dx 


' \ —T 

P \ P' 


dy dx 


' B R+r 


|h|n 


dx 


By proceeding similarly as before, i.e. by using Jensen’s inequality we also have 

y' 

dy dx 


\uh{x) - Uh{y)\P ^ + \u{x) - u{y)\P ^ 


Ibr^AJr-\Br \x-y\^+^P 


dhu{y) 


\A 


< C 


1 \ p 


s{R — r)^pJ JBR+r- Jr^XBh 


(^\uh{x) - Uh{y)\P '^ + \u{x) - u{y)\P 

\x - 2/|^+®P 


Shu{y) 


M 


dx dy. 


^With respect to the measure \x — y\ ^ dy which is finite on R-^ \ Br, for every x G Bn+r. 
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Thus from (3.11) we get the following lower-bound 
(3.12) 

1 


I2 > -c 


-C 


dx dy 


s{R-rypJ \ JBR+r- Jr^\Br 

/ 


1 


s{R-ryp 

ShU ^ 


'Bn+r 


(|(RLP + |V,P) 

(\uhix) - Uhiy)\P~'^ + |M(a;) - u{y)\P-'^y 
\x - y|^+®P 


ShU 


\h\- 


Shu{y) 


dx 




dx dy 


H' 


dx 


By a further application of Holder’s inequality with exponents 


P 


-=p-l 


and 


P 


p' P — P 

the second term in the right-hand side of (3.12) is estimated by 


P- 1 
P-2’ 



By using this estimate, we obtain for I2 the following lower bound 


(3.13) 


I2 > -c 


■{R — r) 


S p 


2 

P 




m^\BR 


\iW + \Vp\^ 

\x - y\^+^P 



P-2 

P 


-c 


( _^_ 

\s{R-rYP 


1 

P 



ShU 

\h\'r 



( f [ 

Shu[y) 

P 

dx dy 

[jBR+r Jr^\Br 



\x - y\^+^P 


1 

P 


1 

P 



\iVp)k? + \Vp? 

|a; - y\^+‘>p 



P-2 

P 


To obtain the previous, we also observed that \h\ < ho < 1 and used that (7 -|- t)/2 < 7. Observe that 
the last term in (3.13) is the integral of a nonlocal quantity containing a difference quotient u. By recalling 


■alto 
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Definition 1.1 and using that 0 < \h\ < ho, we get® 

1 


(3.14) 


/ / 

Shu{y) 

P 

Jb R+r Vr"\Bh 

|h|‘ 

\x 


dx dy = —— 


' B R+r 


Snail ) dx 


C 

< (vV 
- Rsp ^ 


Finally, for the common Vp term in (3.13), we have 

dx dy 


>BR+r JR^\Br 


(l(Vp)^P + |Vpp) 


< C 


\uh{x)\P + \uh{y)\P 


\x-y\N+sp- \x-y\^+^P 

r r \u{x)\p + \u{y)\p 

JBR+r Jk^\Br I® ~ y\N+^P 
C ( 1 


dx dy 


dx dy 


< 


s \ R — r 
^ \ sp 


C 


R 


\u\P dx 

Snail (m; x; BuY dx 


J Snail {uh; x; BrY dx, 


for some C = C{N,p) > 0. Moreover, by the monotonicity properties of Snails encoded in Lemma 2.9, we 
have 


f Snail (u; cc; dx < C ( 
Jb R+r \ 


R — r 


N 


R + r\ f R + ho 


R — r 


{uY 




With a simple change of variables and by observing that 

^(R+r)/2 — he i?(/{+r)/2+/io Br — h C BR+hg^ 
still by Lemma 2.9 we get again 

f W{y)\^ 


Snail {uh]x-,BRY dx = C R^p 


'BR+r-hJR>^\{BR-h) Ix-yY+^^P 


dx dy 


< C 


R — r 


N 


R + r\ f R + ho 


R — r 


YYxP(^B^_^^^-Br+^„)- 


By keeping everything together, we get 

f \iVpY? + \vY^ 


(3.15) 


IB R+r dR"\BH \x - yY+iiP 


dx dy < 


R — r 


N 


R + r\ ( R +ho 


C 


{uY 


R-r ) s{R-sYp 


^Observe that 


thus we have 


-dist Br^,M.^\Br = 


R-r 


> ho, 


sup f Snail f dx < (u) 

0<\h\<ho JB R+r Vlhp / 


ys’’’(BR+r-,BR)’ 


by the very definition (1.4) of the latter. 
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still for C = C{N,p) > 0. By using (3.14) and (3.15) in (3.13) in conjunction with Young’s inequality, we 
finally end up with 


I2 > — 


(3.16) 


C 1 f 

ShU 

P 

dx ^ ^ 

f 

ShU 

{R-ryp s Jbr^^ 

\h\^ 

{R-ryp s 

B R+r 

\hy 


dx 


R + r 
R — r 


N 


R h(j 
R — r 


C 


s{R-ryP Rsp \'^fyt-’’(BR+r-,BR)- 




Estimate of I3. This is estimated exactly in the same manner as 12 - We thus get 

p 


I3 > - 


C 


1 


(3.17) 


{R-ryp s Jb, 


ShU 


\h\- 


dx — 


C 


1 


{R-ryp s Jb 


r 

ShU 

IBR+r 

\hy 


dx 


R + r 
R — r 


N 


R Hq 
R — r 


C 




c 




Conclusion. From (3.4) we have 

2I1 < IT2I + I2I3I + f \^hf\ 
Jn 


s(i?-r)sp' ' i?sp ' 'yy{BR+^-,BR)' 

ShU 


\hy+* 


rf dx 


f 

Shf 

^ , 1 

f 

ShU 

’Br 

\h\^ 

"" {l-s)R^P 

JBr 

\hy+t-s 


dx. 


Thus by using (3.10), (3.16) and (3.17) we get the conclusion, by recalling that \h\ < ho < 1 and that 

7 + t — s < 7, 

which follows from the hypothesis t < s < 


□ 


Remark 3.2 (Correction factor). Observe that the nonlocal terms {u)^^ and {u)yt,p in the right-hand side 
(3.3) do not contain the correction factor (1 — s)“^, as it is natural. Indeed, if we multiply (3.3) by (1 — s) 
these terms have to disappear in the limit s ^ 1 , which corresponds to the equation becoming local. 

3.2. Improving Lemma. The proof of Theorem 1.5 is based on a combination of Proposition 3.1 and of 
the following result. This simple result is useful in order to handle the left-hand side of (3.3). Here second 
order difference quotients and Besov spaces come into play. 

Lemma 3.3 (Besov-Nikol’skii improvement). Let p>2, 0<s<l and 0 < t < s. Let (g Bn ^ Lt be a 
couple of eoncentric balls. We take ij a standard cut-off function such that 

Cm 


0 < ?7 < 1 , 


Tj = 1 on Br 


7 = 0 on \ B R+ 


|Vr;| < 


R-r’ 


\D^V\ < 


Cm 


{R-rf 


Let us assume that for some 7 such that s < 7 < 1 and some 

1 
4 

we have 


0 < h-o < — min |dist(il_R; 9H), R — r, l|, 


M-f := sup 

0<|/t|<?io 


Sfijup) 

\h\' 


1 P 


< -boo. 


J Wo-pCBb) 


Then, by setting for simplicity 
(3.18) 


T := 


7 -b t -b sp 
P 
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we have the Besov-Nikol’skii estimate 

C fR 


(3.19) 




(1 s)M^ + hQ ^ \W\\^p{BR+ho) 


for some C = C{N,p) > 0. In particular, we have the following estimates, for a possibly different constant 
C = C{N,p) >0; 




r < 1 


(3.20) 


sup 

0<|?i|</io 


5hU 


H 


c 


LP{B, 


^-sil-T)p[r) Uoj 


R 


N 


R\ 


1+p _ 


(1 — 5) AAj + /iq 


-rp iL.iiP 


I AP(BB+h„) 


*/ 


r = 1 


for every 0 < r < 1 


(3.21) 


sup 

0<|/i|</io 


5hu 




< 


C 


LP(Br) 


R 


(1 — t)p \ r 


i? 

hj 


(1 s)-^7 + ^0 ^ 


*/ 


r > 1 


(3.22) 


llVull^ 


< 


c 


R 


N 


R 


i+p 


^LP{.Br) - (r- 1)P Vr 

and for every 0 < r < F — 1 

13 231 [V„F < C{Rlrr ( „ 

■ [ ]vv-’P(Br) - (r-l-r)r iv(2-r)(r-l) 

Proof. Let 0 < h < |/io|i by using the hypothesis and (2.10) with the choices 

Shiup) 


(1-«)-^7+/^o"P|Kp(R„,,„) 


h-^ 


(1 — s) 


-rp ii„iiP 


'Lp(Bn+^^) 


il’= —77+7-, a = s, 

\h\ p 




we get 




<5? 


Shjup) 


1 , C fR 

j —.— dx < — 

- s 


N 


R\ 

ho) 


i+p 


(1 — s) M.y, for every f G \ {0}. 


Here we also used that i? — r > dhg, by hypothesis. If we now choose f = h, recall (2.2) and take the 
supremum over 0 < |/i| < /iq, we obtain 


sup / 

0<|/t|</io dRN 


-y + t+s P 

,1^1 ” , 


, C fR 
dx < — ( — 

s \ r 


N 


R\ 


i+p 


ho ) 


By joining (2.3) and the previous estimate with simple manipulations we have 


C fR 


R\ 




where we used the expedient notation (3.18). This proves (3.19). We then treat each case separately, 
ow use 1 
Shiup) 


Case r < 1 . We now use Lemma 2.3 for if = up, then from (3.19) we get 

i+p 


(3.24) 


sup 

0<|/i|</io 


H 


< 


^{f-r)p (£) -s)M, + (i + h/p) 
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By using the discrete Leibniz rule (2.1), the triangle inequality and the Lipschitz character of 77, we have 

+ Y~s 

LP(K.^) 


(3.25) 


ShU 

P 

< c 

Sh{uv) 


LP(Br) 

\h\p' 


[R-r) 


P 






for C = C{p) > 0. Then (3.20) follows by using (3.25) in (3.24) and observing that ho < {R — r) and that 
ho < 1. 


Case 


r = 1 


. Let r < 1, we begin by observing that since ho < 1 


sup 

0<|/i|</io 

Also observe that since L = 1, we have 


^hiuTl) 


\hY 


LP(R^) 




7 +t+spl p +1 
1 =-< - + s-, 


i. e. s> 


P- 1 
p+ 1’ 


so in this case, upon redefining the constant C = C{N,p) > 0, we can forget the factor 1/s in (3.19). By 
using (2.5) on the left and (3.19) on the right, we get 


sup 

0<\h\<ho 


Sh{ur]) 


lhl’ 


< 


c 


LP{R^) 


(1 — t)p \ r 


R 


N 




(1 - s) Mj + (hg + hg ^ + 1) 


possibly with a different constant C = C{N,p) > 0. Finally, we use again (3.25) to remove the dependence 
on p and the fact that hg < 1. 


Case 


r > 1 


We first observe that due to the restrictions on the parameters, we always have F < 2. 


Moreover, as in the previous case we still have s> (p — l)/(p+l), thus again we can forget the factor 1/s 
in (3.19). Then we use Proposition 2.4 with ip = up and from (3.19) we get 




-V 

ho) 


(1 — s) 

(F - 1)P 


+ 1 


h-^P 

''•0 




(P _ X)p j 


By recalling that p = 1 on and observing that (F — 1) < 1, we get (3.22). As for (3.23), we observe that 
still by Proposition 2.4 and (3.19) we also have 


sup 

0<\h\<ho 


Sh^iup) 

|/7|r-i 


p 

LP{S.i^) 


< 


C 

(2- r)p(r - i)p 




(1 - s)M-^ + ho^P 




If we now apply Proposition 2.7 to the compactly supported function ip = V [up) and the exponent ,3 = F — 1 
we get 




< c 


(r-i-T)p 

''-0_ 

F- 1-T 


sup 

0<|/l|</lo 


Sh^iup) 


\h\ 


r -1 


u-^p 

riQ 


LP(E^) 


II^(“3)IIlp(rN) 


for every 0 < t < F — 1. The right-hand side is now estimated by appealing to the previous two estimates, 
thus we conclude the proof with standard manipulations. □ 
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4. Proof of Theorem 1.5 

Let R > 0 and (s il, we want to prove the estimates (1.9) and (l.lO)-(l.ll) on the balls 5^/2 and 
Without loss of generality, we can assume that S/j is centered at the origin. Observe that if we 
consider the rescaled functions 

uji{x)=u{Rx) and fn^x) = R^^ f{Rx), x G R~^ fl, 

then Ur G ^ local weak solution in the rescaled set R~^ fl, with right-hand side Jr. 

Thus we just need to estimate 

r 1 f ^ i + sp 

lor every r < ^ , 


or 


\\^ur\\lp{Bi; 2 ) + every r < 

The desired results will be then obtained by scaling back. 


t + sp p — 1 


P 


P 


P 


t + sp 
hm 7i =--. 

i—>-oo p — i 


4.1. The general scheme. As explained in the Introduction, the desired estimates are proved by means 
on an iterative scheme. First of all, we define the sequence 

fA Ji+t + sp 

(4.1) 70 = s, 7*+i = 

We observe 7i is strictly increasing and 

(4.2) 

We take any index iq G N \ {0} such that 

To-i < 

the precise choice of ip will be done below. We define the decreasing sequence of radii 

3 z 1 

’’‘'■‘l-T,!- 

Accordingly, we consider the concentric balls Br^ and observe that 

Bro = .B3/4 and Br^^ = i?i/2. 


We point out that by construction, we have 


(4.3) 

Then we define 

(4.4) 

thus with such a choice we have 

1 


1 


1 


ri-ri+i = -<ri<l, 

4*0 2 


hn — 


and 


n 


n - n+i 


< 4*0. 


100 *0’ 


ho < - min|dist^i?^,,5(i? ^ 11)^ , r* - r^+i, l|, * = 0 ,..., *0 - 1. 

Finally, for every * G {0,..., *0 — 1} we choose a standard cut-off function rji G C^lB^) such that 

0 < *7i < 1: P* = 1 on Br,+^, r]i = 0 on \ , 

2 

|V*?i| < —— -= 4cAr*o and \D'^r]\ < -——^ = 16cAr*o. 


' 2+1 


(r-i - Ti+iy 
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By taking into account (4.3) and (4.4), for every 0 < |ft.| < /iq by Proposition 3.1 with simple manipulations 
we get (recall the definition of /iq and that * 0 ^ 1 ) 

r 

G .2p 

_ <7 ^ 


ShiuRVi) 


\h\- 


< 




^hUR ^ 

(1 —s)s ° 


LP{Br- 




1 


p 


+ ( [uR]ws.p(^Br^ + ho) + s (1 _ s) \\^li\\LP{Br. + ho) 


(4.5) 


+ C (1 — s)p-^ 


ShfR 


\h\‘ 


p 


LP'(Br-.) 


c 

^ —*, 




0 


Xi{Br,+r,^,^ ,Br,+ha) 

-n-^+^O 




i = 0 ,... ,*o - 1. 


for some C = C{N,p) > 0. Before going on, we try to simplify the previous estimate. 

By construction Ep.^ho C Bi for every i = 0,..., io, then by Proposition 2.6 {local case) we get 


(4.6) (1 —s)p-i sup 

0 <\h\<ho 


5hfR 


\h\‘ 


p ri 

< (1 - s)P' 

LP'iB,.) 


1 




where we used again that ho < 1. Also, by the monotonicity properties of Lemma 2.9 

- 2 +^Q ^ 

where we used that by construction 


j^ Pj+r-j + l ^ C Bi , Z — 0, . . . , to- 


Finally, by observing that 


i dist (B rj+n+j , \ Br,"j 


n - Ti+i 


1 11 , 

< — = - dist ( B 


by (2.16) with the choices 

Fl = , 

2 

we get 


4 16zo - 16 2 

El = Bp., F 2 = Bi, E 2 = Bz 


(^Bi,R^\Bz) 


('^R)yCP(B r,+r,+ ^ -,Bp.) 


sup 


Snail 


(4.8) 


0<|/i|<- 


■i + l JBr 




/ ShUR 

V \h[ ' 


^ ; X, Bpi ) dx 


Z F 0<|/t|<jL 


ShUR 


H 


LP{Bj) 

¥ 


for some C = C{N,p) > 0. The last local term can be further estimated by Proposition 2.6 {local case) as 
follows (recall that t < s) 

' < C (1 - ») 

17 ) 1 * J 


(4.9) 


sup 

o<I?i|<T 6 


H 


Lp{Bt) 

"S 


By using (4.6), (4.7), (4.8) and (4.9) in (4.5) and observing that 

U-P' < r'A'^i^+P) ,'P+7i+t < ^ ■4(AI+p) „'^+P < ■‘ii^+p) 

Bq — G Zg I ‘'0 ^ G Zq , Zq ^ Iq I 
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for every 0 < |/i| < /iq we obtain 
(4.10) 


Sh(uRr]i) 

P 

ShUR 

7i+t 

- 1^1 ” . 

^ (l-s)s ® 

W^.PiBr.^) 

|/z|74 


P 

LP{Br..) 


AiiuRja), 


j = 0,... - 1, 


where Ai is the quantity defined in (1.8). In what follows, for simplicity we just write Ai in place of 
Ai{ur, fa). Observe that Ai < +oo, thanks to the assumptions on u and /. 

We now set 

“I P 

5h{uRrii) 


:= sup 

0<|/i|</io 


\h\ 


7i+t 


i = 0,... ,io - 1, 




and claim that 
(4.11) 


A4~f. < + 00 , for every z = 0 ,..., fo — 1 - 


This is true by a finite induction: for i = 0, we have 70 = s and by combining (4.10) and Proposition 2.6 
(local case) we get 


2p 




Ml... 


1 




WP.PiBi) II“RIIlp(Bi) 


Ci 


4 (N+p) 


-4i, 


where we used again that B^g+ho C Bi. Thus the claim is true for z = 0. Also, by using the definition of Ai 
and (4.4), we can infer 


(4.12) 




where as usual Co = Co{N,p) > 0. 

Let us now assume that < +00 for an index® z G {0,..., zq —2}, then we can use Lemma 3.3. Namely, 
by combining (3.20) and (4.10) we get 


M 


_ M I fo "0 u-M+iP 

- S^l --/,+i)P s(l-7,+i)P ° 


< 




(l-s) 




where C = C(N,p) > 0 is a possibly different constant and we used the relation between 7 ^ and 7^+1 and 
the fact that 7 ^ 0-1 < 1 . This in turn shows that < +00 and thus the validity of (4.11). 

As before, at first we try to simplify the previous estimate. Observe that 


-7i+l P-p-1 


z = 0,...,zo-2, 


where we used the definition (4.4) of ho and the fact that 'yi+i < 7 io-i < 1- From the previous discussion 
and (4.12) we thus obtain the iterative scheme 


( 4 , 13 ) 




M 


< 


r. Ap 

Ol Zq 


7i+l ^ 


S^l-A+l)" 


M 


li 


r 

L 2 fo_ 

s(l-7i+i)P 


A\, for z = 0,..., zo — 2 , 


where C\ = Ci{N,p) > 0 and C 2 = C 2 {N,p) > 0. It is intended that the second estimate in (4.13) is void 
when Zo = 1. Without loss of generality, we can assume that Ci > 1. 


®Of course, if zq = 1 there is nothing to prove. 
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4.2. Case t + sp < {p — 1). We fix a differentiability exponent r such that 

t + sp 

S<T < - 

P-1 

as in (1.9), then the index zq G N \ {0} above is chosen so that 

T <llo < 1- 

This is possible thanks to (4.2). We recall that 7 j;+i < 7 io-i < 1 for every z = 0,..., zq — 2. By using this 
observation in (4.13) and iterating, we get 


M 


< 


^1 ^0 


*0 — 1 


c. 


0 .4(iV+p) 


7^0-1 - ,2 


(4.14) 


(1 - Ho-iY 


^0 


Ai 


+ 


20—2 

E 

i=0 


Gi Zq 


(1 -7io-i)^ 


r ,-4(iv+p) 

C 2 _ 

s(l-7io-i)^ 


Ai 


(c, Y 


where C 3 = maxICo, Ci, C 2 } > 1, since Ci > 1. 

We are ready to perform the final step. We use again Lemma 3.3, then (3.19) and (4.14) yield the 
Besov-Nikol’skii estimate 


[uRPio-lY ~li ,p < -^ 

I K no iJg;^o’P(RN) - g 


V .4(Ar+p) yo 


Lp{Bi 


where we further used that 0 < 1 — 7 ,^, < 1 — 7 i|,_i. The left-hand side is estimated from below thanks to 
(2.4), thus we get 


sup 

0<|/i|</io 


ShiUR 77 * 0 - 1 ) 


\hp*o 


< 




r 74 (N+p) \ io 


LP(R7V) 7*0 

We now recall that zq has been chosen so that 7^0 > t, by applying Proposition 2.7 we get 

' AiN+p) \*o 

03 *0 ' 


[ur 77*0 —l]iyT,p(R7V) — 


-b 


-fig-T s(l-7io)P 

Ch-^^ 






7 - . 

On the other hand 77 ^ 0-1 = 1 on 8 ^^ = B 1/2 and by definition of /zp and the fact that t > s 

hn 


u-pp 

''-0 




< 


''0 


\\ur\\Ip(b,) <Cil- s)ilAi. 


^ .. iLP(Bi) - ^ 

Thus we conclude with the estimate (we use that t > s and again /zp < 1) 


(4.15) 


[wr] 


< 


1 


'C4 


W^'P(Bi/2) I s2 (l-7,Jp 


(1 - s)7li. 


where y > 1 as usual depends on N and p only. We now scale back in order to catch the desired estimate 
for u in Bfi/ 2 - By recalling the definition (1.8) of .Ai, from (4.15) with a simple change of variables we 
exactly get (1.9). The constant Ci appearing in (1.9) is given by 


Cl := 


1 


C 4 


(7io - t ) V 
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4.3. Case t + sp> {p — \). We first point out that in this case we have 

p-l 


(4.16) 


s > 


p + r 


We still consider the sequence { 7 i}ieN defined by (4.1). Observe that in this case 

iim 7 i = -— > 1 . 

2—)-00 p — 1 

Then this time the index ig € N \ {0} is chosen so that 

/I a 7zo-i+^ + sP^i 

7 io_i < 1 and 7 ^^, =-> 1 , 


which is feasible. From the scheme (4.13), by using that 7^+1 < 7 io-i < 1 for i = 0,..., ig — 2, we get 
(4.17) 


‘7io-i - 


w ■4(A+p) yo 

' ^ 1 , 


(1 - 7ij,_i) 


p 


exactly as in (4.14), with C 3 = C'^{N,p) > 1. We also used (4.16) in order to rule out the factor 1/s^. 
We need to make a distinction between two possible subcases 


Ho >1 or 7io = 1- 


Case 


7 io > 1 . Since jig >1, we can apply (3.22) of Lemma 3.3 and get 


IIVurII^ 


Ub.,.) ^ ( 1 ^-^ [(1 - iwhWUb., 


which shows that \\S/ub\\i,p(^Bt^/ 2 ) ^ +oo- By using (4.17) in the previous estimate and the definitions of /ig 
and of Ai, we end up with 

■ 4{N+p) *0 + 1 

(4.18) llVwRilf 


^ / ■ 4 (A+p) \*o + i 


where C 5 = C^{N,p) > 1. By going back to the original solution u with a scaling, we get (1.10) with the 
constant C 2 given by 


Co ■■= 


C 


C, ° 


■4(A+p) \*o + l 


( 7*0 - 1)^ V / 

We still need to prove the fractional differentiability of the gradient. Observe that if we directly apply 
estimate (3.23) of Lemma 3.3 with 7 ^ 0 - 1 , we would get the weaker result^ 

1 '^ur]w--p(Bi/ 2 ) < +oo> for every r < 7 ^^ - 1 . 

Thus, we have to proceed differently. First of all, we introduce the new cut-off function rj G Cq^B^/^) such 
that 

0 < 7 < 1 , 1?=1 on rj=0 on \ 

IV 77 I < c)v and \D‘^rj\ < y. 

Then we observe that since ur G W^’^(Bi/ 2 ) we have 

^hUB ^ 


(4.19) 


sup 

0<|/2|</lO 


\h\ 


Lp{B3/o) 


<C\\VuB\\lp^B,^^y 


'Indeed, observe that 7 ^^ < (1 +1 + sp)/p. 
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We can now use Proposition 3.1 i 

Ml := 


in the limit case 7 = 1 and with balls B 1/4 this 

^ShjuRTf)''^ 


gives 


1 := sup ^ 

o<|ii|</to \h\ p 

C 


< 


■2P 


- -sup 

(l-sjs 0 <\h\<ha 


WP-P{Bys) 
ShUR ^ 


\h\ 




LP{B3/g) 

By combining (4.19) and (4.18) and still using (4.16), Mi can be further estimated by 

_ / •4(Ar+p) , 

Mi<CioMC5-^ -- -- —Ai. 

° ' (l-7*o-i)V (7*0-1)^ 


Then by using estimate (3.23) of Lemma 3.3 for 7 = 1 and the previous inequality 

h~'^p rAP ( „-4(w+p) 

rv7„, IP ^ '^0 ^^0 I ^0 I 


for Ml, we get 


['^'^R\wp-p{Bi/i) - 


•‘■u __ 

(r-i-T)r (2 -r)p(r-i)p 

where P = (1 + t + sp)/p. The usual elementary 

[yuRfwp. 


/ • 47 V+P 1 \ _ 

C'*oMC'5 7-^2- ] / " 

° V (7*0-1)^ 


'’(Bi/4) - 


(P - 1 - r) 

By scaling we get (1.11) as desired, with 


manipulations used so far then give 

^ ( 2 -r)-p(r- 1 )-: 


(1 - 7io-i) 

the constant C 3 given by 

4(7V+p) y°+2 

Cs= Cr-^ 


AiN+p) yo+2 


(7-T7' 

and C 7 > 0 depending on N and p only. This concludes the proof in the subcase 7 /^ > 1. 


ctliu i_/7 ^ u ucpciiuiiig uii iv diiu p uiii_y. j.iiio L.uiiL.iuuco tiic piuui Hi tlic ouuL/dotr J-. 

Case 7 jp = 1 . This case is subtle, due to the fact that (JL W^’P. Rather than jumping directly from 
the ball to the final one as before, we need to slightly “rectify” the scheme. 

First of all, we introduce the new intermediate ball B 


I introduce the new intermediate 
Brig B := B 

Then we replace the cut-off function 


ball B 

a-l+3’'»0 ^ ^ 


'■ 0 _ '= ^ B, 


'iQ-l' 



0 < 7 ? < 1, P = 1 on B, 

III 

0 


|Vb| < - ^ - 

and 


o' 

1 

1 

o' 


Finally, we set 




M-yig_i := sup 

ShiuR^ 


0 <\hl<ho 

\h\ \ 


Pig -1 € Cg^Brig) with the new one 77 such that 

.n R^\Br^g^r,g_i, 

2 

- (p- tr-r 


- W‘-PiB,..^_-^) 


We now proceed by iteration as in the proof of (4.17), but in the last step we replace (4.13) with 

n, ,-4p 

Ol Ig. 




(1 - 7.o-i)P (1 - 7zo-i)^ 
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The latter can be proved as before by combining (3.20) and (4.10). Thus this time we get 


_ / „-4(a+p) Y° 


An application of estimate (3.21) of Lemma 3.3 gives^ 


sup 

0 <|/i|</io 


ShUR 


\hf 


< 


Ci, 


2p 


LP{B) 


(1 - /3)4 


(1 s) + ^0 ^ 


for an arbitrary 0 < /3 < 1 (we still used (4.16) to neglect the factor 1/s). We now apply Proposition 3.1 
with balls (S B, this would give as at the beginning of the proof 

+ 0<\h\<ho, 


ShiURl]) 

p 

C 2p 

^ hp 

ShUR 

3 + t 

.1^1” . 

^ ^ ( 1 - 5 ) 5 **^ 
W‘-PiB) 

\h\p 


LP{B) 

where rj is as usual a cut-off function, such that 77 = 1 on = Bi/ 2 . By choosing /3 < 1 such that 


13 + t + sp 
P 


> 1 , 


we are then reduced to the previous subcase 7 ^^ > 1. The proof can then be concluded accordingly. We 
leave the technical details to the reader. 

Remark 4.1 (The number of iterations iq). All the estimates above crucially depends on the number of 
iterations zq S N \ {0}. In particular, all the constants blow-up as zq goes to 00 . It is thus useful to recall 
that if we set 

R = R{t,s,p) + 


p- 1 ’ 


the sequence {yjjigN has the following explicit expression 

1 t + sp ^ II A 1 \ 

pi p pj pi VP*' 


z € N. 


Then in the case 


while in the case 


and we have 


t + sp < (p — 1 ) , the exponent zq is given by (recall that s < t < k) 

ln(K — s) — ln(K — r) 


zo = min < z £ N : z > 


Inp 


t -I- sp > (p — 1) , this is given by 


Zq = min < z £ N : z > 


ln(K — s) — ln(«; — I) 


ho = 1 


Inp 

ln(K — s) — ln(K — I) 

Inp 


£ N\{0}. 


“Observe that by construction the difference of the radii of the two balls B and is such that 


Tio-l - 


ri„-i +3ri, 


*“ =-(n„_i-r,„) = — >4ho. 


3 

16 io 






























HIGHER SOBOLEV REGULARITY 


31 


4.4. Robust estimate for s 1. We now reprove (1.10) and (1.11), this time for s sufficiently close to 
1 and with an exact control on the constants. In other words, we want to prove the estimates (1.12) and 
(1.13) claimed in Remark 1.6. We still denote by the scaled solution. Let us thus iix £q > p and consider 
0 < t < s < 1 such that 

t + s {p + 1 ) > £o- 

Observe that sequence {yjjjgN defined in (4.1) is such that 


(4.20) 


7i 


t + s (p + 1 ) ^ ^ ^ ^ 

p ~ p 


thus *0 = 1 and we can conclude in one step, i.e. there is no need to iterate the estimate, exactly like in the 
usual case of the p—Laplacian. By using estimate (3.22) of Lemma 3.3 and (4.20), we immediately get 




C 

(4 - pY 


(1 - s) + ho 


This leads directly to (recall (4.12) for M-yY) 


\\'^ur\\lp(b^^) < (1 - ■5)”4i. 


By scaling back we get (1.12). As for the fractional differentiability of Vu, we can reproduce the final step 
of the case t + sp > (p — 1) above {case 7^3 > 1). That is, we use (4.19), i.e. 


sup 

0 <\h\<ho 


ShUR 


P 


\h\ 


LP{B3/g) 




then Proposition 3.1 in the limit case 7 = 1 (with balls B 1/4 d B 1 / 2 ) and once more estimate (3.23) of 
Lemma 3.3. We omit the details. 


4.5. A note on more general lower order terms. We spend some words on the case of the more general 
equation 


(4.21) 


(-Ap,if)®u = / + 4>(u), 


where 4) : K —R is a locally Lipschitz function. This in particular embraces the case of eigenfunctions of 
(—Ap)®, corresponding to / = 0, K{z) = and 4)(t) = A t for some A > 0. This nonlinear and 

nonlocal eigenvalue problem has been first introduced in [22]. For more general nonlinearities $, we address 
the reader to [13] for the existence theory. 

It is not difficult to see that Theorem 1.5 still holds for local weak solutions u G IA;®’^(n) fl 3^*’^ of (4.21) 
such that 

^ e LTocm- 


Indeed, the only difference with the proof of Theorem 1.5 is the presence of the additional term in the 
right-hand side of (3.3) 


|<I>(u/i) - $(m)| 


5hu 


\h\'i+* 


dx. 


This is of course a lower-order term, indeed it can be estimated as follows for 0 < |h| < /iq < 1 


(4.22) 


|4>(u,i) - 4 >(m)| 


ShU 

dx < L / 

ShU 

2 

dx<CL-i^R^ + C [ 

ShU 


J B 

2 

\h\^ 

Jbr 

\h\'r 


p 


dx, 


L= sup |$'(^)| and M = \\u\\L<^(Bn)- 

Ce[-M.M] 


where 
























32 


BRASCO AND LINDGREN 


The last term in (4.22) already appears in the right-hand side of (3.3). Thus, the proof of Theorem 1.5 can 
be reproduced verbatim. Accordingly, estimates (1.9), (1.10) and (1-11) still hold for bounded local weak 
solutions of (4.21), with the term Aii{u,f) defined in (1.8) replaced by 

A'niuJ) -.= Ar{uJ) + , 

and L is as above. Remark 1.6 about the quality of the relevant constants still applies. 


Appendix A. Proof of Proposition 2.4 

The proof is essentially the same as [28, Chapter 5, Section V, Propositions 8’ & 9’]. The only difference 
is the use of the heat kernel, in place of the Poisson’s one®. 

Proof. We introduce the heat kernel 

then we set 

-iptix) = /Ct * f^ix) = ^ ^ [ exp Hy) dy. 

(47rt)- Jrn \ 'it J 

Observe that by the semigroup property of the heat kernel we have 


thus we get 
(A.l) 


Wt 


Kt+s = ICt * ICs, 


\ 7 tpt = (V/Ct/2) * (^■^ipt/2^ 


where V denotes the gradient with respect to the x variable. In order to estimate the right-hand side of 
(A.l) for f > 0, we observe that^® 


yJCt/ 2 {x)=--)Ct/ 2 {x), 

§i>^tl2{x) = ^)Ct/2i-x), 


IV/C 


tllLbR'^) < Tt’ 


c 




/R« 




< ^tCt/ 2 {x) 


dy = 0 


-N 


Thus we get 


T;;i’t/ 2 {x) = - / _ ^/Ct/ 2 (?/) ip{x+ y) Aipix - y)-2 'iIj{x) dy. 


dt 


From this, by Minkowski inequality we obtain 


i’t /2 


< 


1 


LP(R'V) 


/R" 


K.t/ 2 {y) 


V’(-+ 2 /) + !/’(• - 2 /) - 2 V' 


LP(R") 


dy 


dCt/ 2 {y) 


^ Jrn 

^ 77 ['*/']/ ^t/ 2 {y) 

'ii JRN 


\yrdy 


\yrdy. 


^In [ 28 ] the space is denoted by 

^^We have 


|/Cd-) 


K.t(x) 



N' 
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With a simple change of variables, this gives 
d 

m' 




LP{R^) 




'R'V 


/Ci(z) \z?-N 


urdz 1 


Observe that for 1 < a < 2 


[ ^l(^) 

\z\'^-N 

\z\°‘ dz < f K^i{z) 

\z\^-N 

\z\dz+ [ }Ci{z) 

\z\'^-N 

/r" 




J{\z\>l} 



\zVdz, 


and the last two terms are hnite and depend only on TV, so that in conclusion 


(A.2) 


^ / 


LP(R'V) 


< C* [V']e“'P(RN) t 2 \ 


for some C = C{N) > 0. Then from (A.l) and (A.2) we obtain for every t > 0 


(A.3) 


s’* 


< V/C 


LP(R'^) 


*/2 |Ili(R'^) 


^ / 


LP(R"‘) 




We now integrate the previous inequality on the interval (s,t), by Minkowski inequality again we get 


(A.4) 


WVljjr - VV'sIIlp(RN) = 


_5 

Wt 


Wipt dt 


< 


LP(R^) 


_a. 


Vi/it 


dt 




LP(R'V) 

. 


Since a > 1 by assumption, this shows that {V'0t}o<t<i is a Cauchy net in the complete space 
Thus there exists a sequence {tfcjfeeN C (0,1) converging to 0 as /c goes to oo, such that converges 

strongly in L^. The limit function is the distributional gradient of ip. Finally, this shows that Vip £ L'p{K^). 
Moreover, by taking the limit in (A.4), we get the estimate 

2 C 2 C 

I|VV’IIlp(R«‘) < IIVV'iIIlpCR") + ^ ^ [V']b“’'’(R'^) ^ C'||'0||ip(RiV) + ^ ^ ^ ['0]B;i;^(R")j 

which is (2.7). 

Once the existence of V'0 in is established, we can now prove (2.8). We first need a decay estimate on 
the hessian D^ipt. For this, we observe that 

lCt{x) 


\D^K.t{x)\ < 
Then of course we have 
(A.5) 

Similarly as before, we can write 

then for every t > 0 we get 


At 


X 0 X 


At 


-Id 


N 


c 


and WD^ICth^R^) < y- 


C 


\D ipt\\LP{Ri^) < y ||'0 I|lp(r'^)- 




D^iPt 


< Wd^K- 


Lp(RW) 


'*/2|Il1(RW) 


dt 


^^4/2 


Lp(R") 


< C [l/>]g^P(RiV) t 2 


By integrating this estimate between s and T ^ s, as above we get 

C 


I-D^V’sIIlp(rW) < ||.D^'0t||lp(rW) + Mb“'P(rw) ^ 2 ^ 
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By recalling that a < 2, using (A.5) and taking the limit as T goes to oo, we get the desired decay estimate 


(A.6) 




c 


2-a 


[V']b“’P(R'^) s' 


Let h G \ {0}, by using that 'tpt converges to V' as t goes to 0, we have 


Sh'^ip = ShV'ipt - [ ((5/iVV's) ds. 

Jo os 

can write 

/■l'»l d / h \ /■I'*! 


(A,7) 


By using the smoothness of ipt-, we can write 

.\h\ 


't[ x + 


\h\ J \h\ 


■ dr, 


which implies 


f\h\ (J ^ 

||4VV’t||LP(RiV) < / ||A»Vt||LP(RA') dr < - -[V’]bS:^(r'V) \h\ V 

Jo z a 


thanks to (A.6). On the other hand, by triangle inequality and invariance of the norm by translations, 
we have 




< 2 


Lp(R'V) 




LP{K.^) 


^ C' [iA]b“'!>(RN) s' 


where we also used (A.3). We can now use the two previous estimates in conjunction with (A.7), so to get 

r-t Q 




^ C" [^/’]s^!>(RiV) 


ds 


{dhS/Jis) ds 


\h\ a-2 /■* a-3 

t 2 -I- / s ds 


2-a 


LP(RN) 


\h\ c-2 2 

' ' t~-\ - Tt~ 


2-a 


a — 1 


for some C = C{N) > 0. The previous estimate holds for every t > 0 and the right-hand side is minimal for 
t = |hp/4. With such a choice we thus get 


ShV^ 




< 


c 


LP{S.^) ('^ 


Yy 


as desired. 


□ 


Appendix B. Pointwise inequalities 
For p > 2 we recall the definition of the functions Jp : K —>■ R and 

Jp{t) = and Vpit) = \t\^ t- 

Lemma B.l. Let p > 2, for every a, 6 € R we have 

(B.l) (j^(a)-Jp(6)) (a-6)> (p-1) y \Vpia) - Vp{b)\\ 

Proof. Since Jp{a) — Jp{b) and a — b share the same sign, we can assume without loss of generality that 
a > b. If a = 6 there is nothing to prove. Let us assume that a > b, then we have 

(^Jp{a) - Jp(6)) {a-b) = {p- 1) dt^ (a - b) 

C b \ 2 2 

^ =(p-l)0^ \Vp{a) - Vp{b)\^, 

which concludes the proof. □ 
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Lemma B.2. Let p>2, for every a, 6 £ M we have 


(B.2) 




< 2 - 


P — 1 / p-2 


(I 


|l>l 


\Vp{a) Vp{b)\. 


Proof. For a = b there is nothing to prove. Let us consider the case a b, without loss of generality, we can 
suppose that a> b. We set 

G(t) = t, t £ R, 

by basic calculus we have 

G(|a|'^a) fc) < max{G' (|a|^a) , G' (Vp{a) - Vp{b)y 

By observing that 

G {\t\^ t) = \t\P-H, 

we get the conclusion. □ 


Lemma B.3. Let p >2, for every a, 5 £ K we have 

(B.3) \Vp{a)-Vp{bf>\a-b\P 

In particular, we also get 

(B.4) (^Jp{a) - Jpib)^ {a - b) > {p - 1) {-] \a-b\P. 

Proof. Observe that if a = 0 or 5 = 0, the result trivially holds. Thus let us suppose that ab ^ 0 and observe 
that the function Hp : R. —>■ R. defined by 

Hp{t) = \t\^ t, 

is 2/p—Holder continuous. More precisely, we have 

\Hp{t) — Hp{s)\ < \t — s\p , t, s£R. 

By observing that HpfVpff)) = t and applying the previous with 

t = Vp{a) and s = Vp{b), 

we get (B.3). The last inequality (B.4) follows by combining (B.l) and (B.3). □ 
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